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Z Transforms: Introduction
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READING ASSIGNMENTS

This Lecture:
Chapter 9, Sects 9-1 through 9-5

Other Reading:
Recitation: CASCADING SYSTEMS
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Frequency Response of an FIR System

B i B - (6.4
H(e'®) = Zbke—fw — Zh[k]e—fw
k=0 k=0

Relationship of digital frequency to analog w/(Sampling Frequency) Page
105

w= w T, = w/f, (Radians = radians/sec * Seconds)



Spatial Domain
g=/*h <>  G=FH
g=fh <> G=Fx*H

Frequency Domain
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LECTURE OBJECTIVES

INTRODUCE the Z-TRANSFORM

Give Mathematical Definition

Show how the simplifies
analysis
is SIMPLIFIED !
Z-Transform can be applied to

FIR Filter: h[n]— H(2) .
Signals: x[n]— X (2) H (Z) — Zh[n]z |
N
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MOTIVATION:
CASCADE SYSTEMS

Remember: h,[n] * h,[n]

i LTI | ST . %) §- ol
sin] | [ hyn] ol [5 | n]hy[n]

Would rather do MULTIPLICATION

Can rearrange the order of S; and S,
Convolution is Commutative
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CASCADE EQUIVALENT

**%*

the Frequency Responses

—— H,(e"")—H,(e")—

— H(e) -

/
EQUIVALENT

soren | [H(e"?) = Hy(e')H, ()
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A TALE OF TWO DOMAINS

Time domain:

Can use with ANY signal

Difficult to work with (e.g., cascade=convolve)
Frequency domain:

Easy to work with (e.g., cascade=multiply)

Can only use with sinusoids
TIME-DOMAIN FREQ-DOMAIN

d {bk} joy _ i —jok
yInl= Y bx[n-k] e——aep H(')=) be
k=0 k=0
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TWO (nho, THREE) DOMAINS

Algebra Domain:
Best of both worlds?

TIME-DOMAIN

Z-TRANSFORM-DOMAIN
POLYNOMIALS: H(z)

FREQ-DOMAIN

M » M .
y[n]=> b x[n —k] H(e”) = be "
k=0 k=0
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TRANSFORM CONCEPT

Move to a new domain where
OPERATIONS are EASIER & FAMILIAR
Use POLYNOMIALS

TRANSFORM both ways
X[n]— X(z) (into the z domain)
X (z)— x[n] (back to the time domain)
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Z-Transform DEFINITION

POLYNOMIAL Representation of LTI
SYSTEM: H(7) = Zh[n]z‘”
n

EXAMPLE: \l APPLIES to
{h[n]}:{Z,O,—S,O,Z} any SIGNAL
H(z)=2z"+0z"'-32%+0z"°+2z2"
~2-32°%+27"

POLYNOMIAL in z1

=2-3(z71)+2(z7 )"
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Z-Transform EXAMPLE

ANY SIGNAL has a z-Transform:
X(z)=> x[n]z""
N

Example 7.1
n n<—1 —1 0 1 2 3 4 5 n>>3
x|n] 0 0 2 A 6 1 0
\ \

W

X(Z) ? X(2)= 2+4z‘ +627°+4z7°+227"
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Example 9.2
X(2)=1-27"'4+3z7°-277

/ 0 n <20
EXPONENT GIVES 1 n =20
TIME LOCATION 9 n o— 1

0 n =>=2

3 n =23

0 n 4

—1 n=3,5

X[n]="7 0 n >3

x|n| = o6[n] — 26|ln — 1] + 38[n — 3| — d[n — 5]
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Z-TRANSFORM OF
DELAYED SIGNAL

What happens to X(z) if we delay x[n]?
Consider the signal:

x[n]=3n-1]< X(z)=3z"

Same signal, delayed by one:
wln]=x[n—-1]=30n—2]
SW(z)=3z"7=z"X(2)
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Z-Transform Property:
DELAY PROPERTY

A delay of one sample multiplies the z-transform by 77"

x[n — 1] — z7' X (2)

Time delay of ny samples multiplies the z-transform by 77"

x[n — ng] = z "X (2)
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Ex. DELAY SYSTEM

UNIT DELAY: find h[n] and H(z)

—

o[n—1]

—

H(z)=) o[n-1z" =z~

] /

-1




DELAY EXAMPLE

UNIT DELAY: find y[n] via polynomials
x[n] = {3,1,4,1,5,9,0,0,0,...}

Y (z)=z2"X(2)

Y(2)=z"'(3+z "' +4z°+2°+52"+92)

Y(2)=02"+32" ' +2°+4z2°+2"+52>+92°

n

n <0

0

1

2

3

4

5

6

n>~o

yln]

0

0

3

1

4

1

5

9

0
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Z-Transform of FIR Filter

CALLED the SYSTEM FUNCTION

because h[n] is same as {b,}

M M
rnenon| H(z) =Y bz => hk]z™
k=0 k=0

y[n] = Zbkx[n K] = Zh[k]x[n K]

CONVOLUTION

FIR DIFFERENCE EQUATION
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Z-Transform of FIR Filter

Get H(z) DIRECTLY from the {b,}
Example 7.3 in the book:

y[n]=6Xx[n]-5x[n—-1]+ x[n — 2]

{bk}{es,s,N\

H(z)=) bz =6-5z"+2"
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GENERAL 1/O0 PROBLEM

Input is x[n], find y[n] (for FIR, h[n])
How to combine X(z) and H(z) ?

Example 7.5

X

and Al

| — 5

n

1= s

n—1] —4é8[n — 2]+ d6ln — 3] — [n — 4]

n| 4+ 28|ln — 1] + 38[n — 2] + 46[n — 3]

X)) =0+1z" =172+ 1277 =17

and H(z) = 14277 + 3272 + 477
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FIR Filter = CONVOLUTION

x[n], X(z2) 0 +1 -1 +1 -1
h(n], H(z) 1 2 3 4

yln], Y(z) 0 +1 +1 +2 +2 -3 +1 -4

y[n]= > boxn —k]=>"h[k]x[n - K]
k=0 k=0

CONVOLUTION
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CONVOLUTION PROPERTY

PROOF:

M
y[n] = x[n] * h(n] = Zh[k]x[n — k]

Y (z) = Z hik] (z7"X(2))  [VoLTPLY
z-TRANSFORMS

— (Z h[k]z—k) X((z) = H2)X(2).
k=0
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CONVOLUTION EXAMPLE
MULTIPLY the z-TRANSFORMS:

Example 7.5

x[n] = éln — 1] —én — 2] 4+ [n — 3] — §|n — 4]

and h[n] = §[n] + 28[n — 1] 4+ 36[n — 2] + 48[n — 3]

X)) =04+ 1z"—1z2+1z73 —1z7*

-3

and H((z) = 1+ 2z 4+3z27% + 4z

MULTIPLY H(2)X(2)
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CONVOLUTION EXAMPLE

Finite-Length input x[n]
FIR Filter (L=4)

Y(z) = H(2)X(2)

MULTIPLY
Z-TRANSFORMS

= (1 +27"+3z277+4z7 ) -+ -7
Z_l + (_1 + 2)2{_2 + (1 — 2 + 3)3_3 + (_1 1234 4)2:_4

+ (243—-4z27 + (34+ Dz + (-4’

=z ' +z7 4227 +227 =327+ 270 — 477

yin]=?
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Z-Transform Property:
CASCADE EQUIVALENT

Multi

nly the System Functions

ﬁ

H,(z)

- Hy(z) —

0 H(z) L

EQUIVALENT
SYSTEM
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CASCADE EXAMPLE

— Hy(z) — H,(z2) —

w[n] = x[n] - x[n—1] y[n]=w[n]+w[n —1]

H,(z)=1+z"

S H(z) Lo

H(z) =

AAAAAAA

l-zYHYA+zYH)=1-2"°

y[n]= x[n]=x[n-2]




