
1 
 

Solution of Differential Equations and Filters 

Contents 
I.Fourier Series Solution of Differential Equation ..................................................................................... 2 

I.1 Suppose the input can be written as a Fourier Series: ..................................................................... 2 

I.2 Thus, the result from a LTI differential equation is another Fourier Series multiplied by the transfer 

function H............................................................................................................................................ 3 

I.3 The Solution has the same frequencies as the original series but the Magnitude and Phase will 

change. ................................................................................................................................................ 4 

II Fourier Transform Solution of a Differential Equation ........................................................................... 4 

III. Passive Low Pass Filter Impedance Method ........................................................................... 5 

III.1 Frequency Response of a Low Pass Filter   - Like RC filter. .............................................................. 6 

Cutoff Frequency ............................................................................................................................. 6 

III.2 RC values R= 47 k Ohms, C = 47 pf. ................................................................................................ 6 

IV. Laplace Transform Solution ................................................................................................................ 7 

IV.1 Laplace Transform Examples ......................................................................................................... 7 

IV.2 MATLAB functions for Laplace ...................................................................................................... 8 

IV.3 Differential Equation Solution for Laplace ..................................................................................... 8 

IV.4 Laplace and Fourier .......................................................................................................................... 9 

V. Difference Equations ........................................................................................................................ 10 

V1. Differential Equation to Difference Equation................................................................................ 11 

V2. Low-Pass Digital Filter .................................................................................................................. 12 

V3. Frequency Response of Digital Filters ........................................................................................... 15 

V4. Solutions for FIR and IIR filters ..................................................................................................... 16 

VI. Z-transforms .................................................................................................................................... 18 

VI.1 Z-transforms and Frequency Response .......................................................................................... 20 

 

 

 

  



2 
 

I.Fourier Series Solution of Differential Equation 

 

Sherlock Holmes once said – Having seen a dripping faucet, one could envision 

Niagara Falls.  

 

I.1 Suppose the input can be written as a Fourier Series: 
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I.2 Thus, the result from a LTI differential equation is another Fourier Series multiplied by the transfer 

function H. 
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I.3 The Solution has the same frequencies as the original series but the Magnitude and Phase will 

change.  

 

 
We could plot the Frequency Response in Amplitude and Phase.  

 

II Fourier Transform Solution of a Differential Equation 
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III. Passive Low Pass Filter Impedance Method 

https://www.electronics-tutorials.ws/filter/filter_2.html 

 

 

  

https://www.electronics-tutorials.ws/filter/filter_2.html
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III.1 Frequency Response of a Low Pass Filter   - Like RC filter. 

 

Cutoff Frequency 

 

III.2 RC values R= 4.7 k Ohms, C = 47 x 10^{-9} farads.  
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IV. Laplace Transform Solution  

 

 

IV.1 Laplace Transform Examples 
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IV.2 MATLAB functions for Laplace 

 

 

IV.3 Differential Equation Solution for Laplace 

xxx 
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IV.4 Laplace and Fourier 
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V. Difference Equations 

 

Note that the solution y(n) depends on both INPUTS x and OUTPUTS y from 

previous outputs.  This is a general form. If the a’s are zero, this reduces to FIR 

form. 
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V1. Differential Equation to Difference Equation 
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V2. Low-Pass Digital Filter 
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V3. Frequency Response of Digital Filters 

 

 

Remember �̂� = 𝛺 = 2 𝑝𝑖 ∗  
𝑓_𝑎𝑛𝑎𝑙𝑜𝑔

𝐹_𝑠𝑎𝑚𝑝𝑙𝑒
;     𝐹𝑠𝑎𝑚𝑝𝑙𝑒 =  

1

𝑇𝑠
;  f_max = 𝐹𝑠𝑎𝑚𝑝𝑙𝑒/2 

And I used in the this chapter  fs= 𝐹𝑠𝑎𝑚𝑝𝑙𝑒   Hz or Samples/second   
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V4. Solutions for FIR and IIR filters 

 

 

Note: For the FIR filters, the a coefficients would be zero. 
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VI. Z-transforms 
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VI.1 Z-transforms and Frequency Response 

Relate Z and F. 
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