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FOURIER SERIES The Fourier series approximates a function f(¢) by using a trigonometric

FORMULA
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polynomial of degree N as follows:

N

f(t) ~ % + Z (a,, cos(nt) + b, sin(nt)] = sy (), (8.1)
n=1

where sy (t) denotes the nth partial sum. Assuming that f(¢) is con-

tinuous on the interval —m < t < m, the coefficients a,, and b,, can be

computed by the formulas

1 ™
apg — — f(t) dt (82)
L —"
for the constant term and
1 [ 1 [7
Up = — f(t)cos(nt)dt, b, =— f(t)sin(nt) dt, (8.3)
T . T _ .
forn=1,2,...,N. If f(t) is continuous on the interval and the derivative

of f(t) exists, the series converges to f(t) at the point ¢t when N — oo.


https://sceweb.sce.uhcl.edu/harman/CENG3315_Sp2019/0_TLH_Work&Book/TLH_Chap8Fourier.pdf

Recall that in Chapter 2, the inner product of the trigonometric func-
tions on the interval [—7, 7] was defined as

o) == [ ey (8.9)

where the factor 1/7 was introduced to normalize the inner product for
the Fourier trigonometric functions.

Then, the trigonometric terms in the Fourier series consist of functions
that form an orthonormal set, since for integers k£ and m

(cos(kt),cos(mt)) = { (1): ' 2172&772:
(sin(kt),sin(mt)) = { (1): ‘o lzn;ﬂg:

(cos(kt),sin(mt)) =0, for all k, m. (8.10)



Thus, the Fourier coefficients in the expansion of a function f(¢) from
Equation 8.3 can be written as

ar = {(f(t),cos(kt)), kF=0,1,....
b = (f(t),sin(kt)), k=1,2,.... (8.11)

Notice that the constant term ag is computed as

w=(f0.1) == [ fwar (8.12)

—

which is the inner product of f(t) and the cos(kt) term in Equation 8.11
for £ = 0.



How to Compute a FOURIER SERIES // Formulas & Full Example
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https://www.youtube.com/watch?v=ijQaTAT3kOg

How do you actually compute a Fourier Series? In this video | walk
through all the big formulas needed to compute the coefficients in a
Fourier Series. First we see three integrals that will really make everything
easier, integrals of products of sin and cos terms of different frequencies.
Then we will use these to compute out formulas for the coefficients of the
in and cos terms.

Dr. Trefor Bazett
175K subscribers



https://www.youtube.com/watch?v=ijQaTAT3kOg
https://www.youtube.com/channel/UC9rTsvTxJnx1DNrDA3Rqa6A

[-T/2, T/2] On the interval [ =T/2,7T /2], the limits of integration for the Fourier series
INTERVAL can be changed from [—7, 7] by assigning to the integration variable ¢
the value 27t/T. The period of the function is thus 7'

Assuming that f(¢) is continuous on the interval —7/2 <t < T/2,
the coefficients a,, and b,, can be computed by the formulas

T/2
apgp = —/
T/2

T/ 2 (ert)
a, = — ) cos dt,
T/2 T
T/ 2 Int
by = — f ) sin ( 7 ) dt, (8.20)
T/2 T
where n = 1,2, ... is any positive integer.

The Fourier series on the interval [ —T/2,7T/2] is thus

f(t) = C;—D + Z {an COS (@) + b,, sin (@)] : (8.21)

n=1



Frequency Components Assuming the variable ¢ represents time, the
function f(t) repeats every T seconds. The frequency associated with the
fundamental sinusoid in the series of Equation 8.21is fo = 1/7T, measured
in cycles per second, or hertz. The parameter

27

w0:27rf0:T

is the frequency in radians per second.
Since 2n7 /T = 2n7 fy = nwo, the series in Equation 8.21 can be writ-

ten

=

]2

0

ft) = > - [ay, cos(2mn fot) + by, sin(27n fot)]

I
)—l

mn

S

]2

= 0+

> [ay, cos(nwot) + by, sin(nwot)], (8.22)

I
)—l

mn

which emphasizes the components in terms of their frequencies.



LI EXAMPLE 8.7 Fourier spectrum
Consider the even, periodic pulse train in Figure 8.6. This is an important
test signal in electronics and the signal is also of interest because of the char-
acteristics of its Fourier components. The period is 1', the amplitude is A, and
the pulse has duration 7 in each period. The function is an even function with
average value over a period of Ar/T.
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FIGURE 8.6 Periodic train of rectangular pulses

Letting wo = 2w /T, the coefficients of the complex series are
1 T2 _ 1 T/2 _
Uy = —/ Ae™ @0l dt = —/ Ae” "m0l qt,
T —T/2 T —7/2

Integrating and substituting —2 sin(nwo7/2) for the resulting exponentials and
then multiplying and dividing by the term wo7/2 yields
N AT sin(nwoT/2)
" T nwoer/2




The coefficient a is determined as A7 /T by ’'Hopital’s rule. Notice that
the coefficient

AT area of pulse

W= T period
Defining the function .
sinca = S0 (8.36)
x

with x = nwot/2 leads to the series

AT

f(t) = =

A
- il Z sinc(nwoT/2) cos(nwot)

since the coeflicients of the cosine series are twice the values of those in the
complex series.

Comment: The sinc function is frequently defined as

sin 7t

sinct =
it



Fourier Series of Pulse Train
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FIGURE 8.7 Spectrum and approzimation for periodic pulse train of Example 8.7

FourierCh8 TLH SEE PAGE 392 FOR MATLAB CODE



https://sceweb.sce.uhcl.edu/harman/CENG3315_Sp2019/0_TLH_Work&Book/TLH_Chap8Fourier.pdf

MATLAB Fourier EvenPulseTrain

PulseTrain Computes trigonometric

Fourier series for a Pulse Train with
Table of Contents

Period T=2 seconds so w = pi rad/sec for this even function. ....................coooiiiii i 1
A= 1 and width tau = 1 so taw/T = 0.5; Duty cycle = 0.5 .. 1
Plot Trig series over 3 cycles,% then Exponential Series. ... 1
Input Number of Harmonics; Press a key at Pause..............oooo e 1
Computes exponential Fourier series for Rectangular Pulse Train.......................... 2
Used to compare results from Trig series and Exponential...................cooocoooiiiiiiiiii e 2

Period T=2 seconds so w = pi rad/sec for this
even function.

A= 1 and width tau = 1 so tau/T = 0.5; Duty cy-
cle=0.5


https://sceweb.sce.uhcl.edu/harman/CENG3315_DSP_Spring2020/MATLAB_2020/MAT_Fourier1_PulseTrainT_2sec_tlh_both.pdf

clear all,clft

A = 1.0; ZAmplitude

t = -3:6/1000:3; % Plot 6 sec, 3 cycles

N = 1input ('Number of harmonics ');

cO = A* 0.5; % Duty cycle * Amplitude

w0 = pi; % £ = 1/2; T=2

xN = cO*ones (l,length(t)); % dc component added to each term

for k=1:2:N, % Even harmonics are zero —-ignore them.
xN = xN + (2/k/pi)*sin(k*pi/2) *cos (k*wO*t); % Sum the components

end
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Used to compare results from Trig series and
Exponential

t = -3:6/1000:3;
% Use N harmonics input

cO = 0.5;
w0 = pi;
xN = cO*ones (1, length(t)): % dc component
for k=1:N,
ck = 1/k/pi*sin(k*pi/2);
c_k = ck;

xN = xN + ck*exp(J*k*w0*t) + c k*exp(-J*k*w0*t);
end
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Fourier Series Synthesis
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PULSE WAVE SIGNAL
GENERAL FORM

Defined over one period

1 0<|t|<z/2
X(t) =
0 7/2<|t|<T,/2

M (1) Nonzero DC value

1
| | | | | I S
o7 Ty, L -3 03 L T, 9.

Aug 2016 © 2003-2016, JH McClellan & RW Schafer 15



Pulse Wave {a,}

_ 1 —j(27/To)(k)t
& = Ty Ix(t)e : dt General PulseWave
—To/2 x(t):Jl Os\t\<r/2
rl2 0 7/2<|t[<T,/2
ak :T_lo jle_J(Zﬂ/To)ktdt
—7/2
a-i(27/To)kt z/2 a-i@7ITo)k(z/2) _ a=i(27/To)k(~7/2)
— (1 _
- (To) —j(27ITy)k - —-1(27)k
—7/2

ej(ﬂ'/To)k(T) _e—j(ﬂ'/To)k(T) B Sln(ﬂ'k’Z'/TO)
(J2) 7K 7k

Aug 2016 © 2003-2016, JH McClellan & RW Schafer 16




Pulse Wave {a,} = sinc

PulseWave

a, = Sm(ﬂ;kT/TO) k=0,+1,%2,...

Double check the DC coefficient:
/2

a, =+ jle‘“””"’“’“dt Note, lim SNUK?/To) _, 7
° To ' k50 7k T
—7/2 0
/2
T P If sick?
=1 jldt =1 E = ]_ £ Where do you go if sick
—7/2

Aug 2016 © 2003-2016, JH McClellan & RW Schafer 17



PULSE WAVE SPECTRA
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50% duty-cycle (Square) Wave

r=T,/2 =a, :S'”(”k(;L/Z)/To) :S'”(Zkklz) k =0,+1,42,...

Thus, a,=0 when k Is odd

Phase Is zero because x(t) is centered at t=0
different from a previous case

PulseWave starting at t=0 1
1 0<|t|< _(—1)k J
X(t) = <z o =1=CD_ 70" (o4
0 7<|t|<T, j27K : _
’ k=0
Aug 2016
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PULSE WAVE SYNTHESIS
with first 5 Harmonics

(a) Pulse Width: t = Ty/2

(c) Pulse Width: t = T /16

o L L o
XS(I) l %\ /H\ /H\ /H\
U= TO /16 0 P~ " Lv—bf—»vf—\d—vAu\—/—vavf—\d—v—th Level.

—To 0 To 2To
Aug 2016 Time ¢ (s)




FourierProblemSession EvenPulseTrain

PULSE W AVE Lettunt 33> Slide
x(m xeerm) L
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https://sceweb.sce.uhcl.edu/harman/CENG3315_Sp2019/0_ProblemSessions/FourierProblemSession.pdf

HOMEWORK HELP

Problem 4 30

Fourier series of clock signal Consider the computer clock signal shown in
the Figure, with a pulse rate of 8 million pulses per second (f. = 8 Megahertz)
and amplitude of 4 volts and a pulse width of 0.05 microseconds. NOTE: The

figure does not show the signal to scale.
- - - -

1. Find the Fourier series by hand calculation using the basic definitions of
the coefficients.

BONUS POINTS 20 See MATLAB_Fourier_Even_PulseTrain on our website
for help.



Fourier Series of Pulse Train
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