DSP First, 2/e

Lecture 7C
Fourier Series Examples:
Common Periodic Signals



READING ASSIGNMENTS

This Lecture:
Appendix C, Section C-2

Various Fourier Series
Pulse Waves

Triangular Wave
Rectified Sinusoids (also in Ch. 3, Sect. 3-5)
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LECTURE OBJECTIVES

Use the Fourier Series Integral

: (kT
1 j x(t)e 12/ Tty

Ay

Derive Fourier Series coeffs for common
periodic signals

Draw spectrum from the Fourier Series coeffs

a, IS Complex Amplitude for k-th Harmonic
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Harmonic Signal is Periodic
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Recall FWRS

X(t) =[sin(2zt/T,)|  Periodis T, =1T,

sin(2rt/T))
— 0 T o, t
(a) _
Absolute value flips the
x(1) negative lobes of a sine wave
1
! * } { -

Auc (b)



FWRS Fourier Integral - {a,}

1
ak _ _j'x(t)e—j(Zﬂ/To)ktdt
To 0 Full-Wave Rectified Sine

. X(t) =[sin(27t/T,)
i I sin(£t)e™! 7 dt Period : T, = 4T,
0 = X(t) =[sin( 7t/ Ty)|

Sy

Ty ej(ﬂ/To)t _ e—j(ﬁ/TO)t

:1!;) - e—j(Zﬂ/To)ktdt
0 2 )
o~ 17 /To)(2k-D)t To o (7 /To)(2k+1)t To
- 12Ty (= J (7 /Ty)(2k-1)) B 12T (= 1(7 [ Ty)(2k+1))
0 0
—2

a =
“ 2(4k? 1)



FWRS Fourier Coeffs: a,

a, Is a function of k
Complex Amplitude for k-th Harmonic

L 2
“ z(4k? 1)

Does not depend on the period, T,

DC value is|a, =2/ 7 = 0.6336
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Spectrum from Fourier Series

Plot|a, | for Full-Wave Rectified Sinusoid

d, =

7(4k% 1) 2
T

— —=

R¥4 3

. —-
5% 357 35w 9
=

—4Fy —3Fy —2F¢g —Fo 0 Fo 2Fy 3Fo 4Fy  f
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Fourier Series Synthesis

HOW do you APPROXIMATE x(t) ?

T, |
ak :%J'X(t)e_J(Zﬂ-/TO)ktdt
0

Use FINITE number of coefficients

a_ =a, when x(t) is real
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Reconstruct From Finite Number
of Harmonic Components

Full-Wave Rectified Sinusoid x(t) =sin(zt/T,)|
T,=10ms 0 —2
= F,=100Hz | © 7(4k?-1)

a, =2/ 7 =0.6336

N
XN (t) _ ao 4 Z{ak ejZﬂkFot 4 a: e—jZﬂkFot}
k=1

How close is Xy (t) to x(t) =|sin( zt/T,)|?
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Full-Wave Rectified Sine {a,}

a =—2 =— is real — valued
<R (k2 1)
8 Jk
_ 2 ket
WO = 2, s e
——N
_ =2 —2  plogt —2 - lopt —2 j2axt —2 —J2apt
-z T 7 (4-1) e + 7 (4-1) e "+ 7(16-1) € U+ 7(16-1) € T
_ 2 2 plogt 2 Aot 2 al2ot 2 o~ )2t
=275 0 T8 T €T — 8 T 4
— 2 4 4 4
=2 — L cos(apt) — == cos(2apt) —... — AT, cos(Nayt)

Plots for N=4 and N=9 are shown next
Excellent Approximation for N=9
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Reconstruct From Finite Number
of Spectrum Components

Full-Wave Rectified Sinusoid x(t) =

T, =10ms
= FO =100 Hz x,o

a, =2/ 7 =0.6336

Xo(1)

L 2
< z(4k?-1)

1
2
0

sin(zt/T,)|

(a) Sum of DC and 1°¢ through 4™ Harmonics

...................................................

..................................................

Time 7 (s)



Fourier Series Synthesis

lag N .
i
a_p a,
a , a
a_, (5—6 f[{_q a_s 3 | :3 a4 ([‘15 ?]l() a-
ﬂ 4 H H 4 i} 1 ']
r
Spectrum Plot
To = Period i N = Number of Coefficients
( ) I'Sus
! . !
Fourier Analysis Fourier Synthesis
(i )
I xtrac .;[;I\{v‘{\ u . @ i
x(1) FAIRCE SLRISO) : »|  Approximate the Signal xn (1)
—> 7 —
‘ > N
' ‘ (e F 2 j 27 (kFy)t
(7] )¢ 1/ 0/ .\N (,) - a ()j 0
0 0 k=—N
x (1) XN (7)
ﬁ\‘u /fﬁ\‘\ 1 / /\\ / «—\\ f/rﬂ\\ 1
\’s, / \\' /’ \ /'/ \‘\ / ; \
\/ \/ \/ / \
\ ‘rl \ ,..*" i 1
t $ >’ T T T T 5 T
_TO 0 TO 2T0 _To 0 To -T()
14
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PULSE WAVE SIGNAL
GENERAL FORM

Defined over one period

1 0<|t|<z/2

X(t)zio r/2<|t|<T, /2

N (1) Nonzero DC value
1
| | B — e
o7 Ty T -£ 0% T T, T
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Pulse Wave {a,}

Ty /2
d = % jx(t)e_J(ZMTO)(k)tdt General PulseWave
—To/2 X(t):{l OSM<T/2
rl2 0 7/2<|t|<T,/2
a, :% Ile—j(Zﬂ/To)ktdt
—7/2
o )e—j(27z/T0)kt ri2 ) o127 IT)k(12) _ q-i(2/To)k(~r/2)
 \To/ —j(27ITy)k - —j(27)k
—7/2

B i (Z/To)k(z) _ o=i(x/To)k(z) ) sin( 2k /T,)
(12)7k 7k
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Pulse Wave {a,} = sinc

PulseWave

Double check the DC coefficient:;
/2

- . SIN(zkz /T, T
a, =+ j 1e 17 MOk gt Note, lim ( . o) >
0

—7/2

/2
T —7T | — 7 ] - ?
T_lo jldt _ % [7 _ 7] =t Where do you go if sick

—7/2
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PULSE WAVE SPECTRA

ay

=i
r=T,/2 h =1
2
—2F() 0 2F() f
(a)
Aak t="Ty/4
r=T,/4 :
- > - > ’ ol
—4F0 0 4F() f
(b)

r=T,/16 y S

|~

<Y

_8F, _4F, 0 4F, 8F,

Aug 2016
(¢)
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50% duty-cycle (Square) Wave

sin( 7k (T, /2)/T,) _sin(k/2)  _ 04142 .
7K 7K
Thus, a,=0 when k is odd
Phase Is zero because x(t) iIs centered at t=0
different from a previous case

r=1,/2 = a =

- PulseWave starting at t=0 =
1 0<|tl< _(—1)K 7
X(t) = <t e SO T i
0 z<|t|<T, j27K ) "
5 =
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PULSE WAVE SYNTHESIS

with first 5 Harmonics

xs(7)

T=T,/2

x5(7)

r=T,/4

x5 (1)
r=T,/16

Aug 2016

(a) Pulse Width: 7 =T /2

1A A AR {
2 5 z
ol T s e T e I
— 0 T 2T

>

oL ] ] R

1, 0 To T,

(c) Pulse Width: 7 =T /16

N NS U SR R
| (S [
:

_T 0 To 2To
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Triangular Wave: Time Domain

Defined over one period

x(t)=[2t/T,| for —T,/2<t<T,/2

AX(Z) Nonzero DC value

1--
I | | | | :
—T() _%TO 0 %TO T() 2T0 [
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Triangular Wave {a, }

Ty /2

ak _ i jx(t)e—j(Zﬂ/To)ktdt
To “To/2
1 To/2 |
a, =— j |2t /T, | e 1@/ MM
0 —T,/2
To/2
=2 j te 1 Mdt + 2 j (~t)e @kt
—T0/2
a, =-2e onkt(lwoz_kt;l)T ?_ 5 e onkt(la’o_kt;l)o
o < o T LA P

Triangular Wave

X(t) = |2t/ T,

@, =27 1T,

TO w2k? 02k2) T2 \Bk® w2k?

use the indefinite integral f te 1 dt =e "‘)Ok‘(lwg‘l‘:;l)
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Triangular Wave {a, }

=12 2 ) @l Trae e

_ 2 ~—jzk|jrk+l jrk | —jrk+1
_ (Y _
TO2 k2 e a)gk2 To e a)gk2 a)OTO o 272-

O

4 _ 1
—~ T2 7 = 3

Ty @y T

| 2(- 1) ( jrk+1 —j7rk+1)_ 1 (4(—1)k )
=L+ + S . =i
72k? TO2 T02 ok2 Toza)gk2 72k? Toza)gk2

[ Z&z K = i2,i4,... DC = Area

L (2)=l0 k=143, Period
_Tol2 1
1 k=0 = =F"=3




Triangular Wave {a,.}

Spectrum, assuming 50 Hz is the
fundamental frequency

;ﬁiz K=42+4 ...
*1 a =4 0 k=%143,...
(2 1 _
G k=0
—2
72
__2 —_2 -2 -2
42 972 1672 2572
. ‘ ’

0 50 150 250 350 450 f
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Triangular Wave Synthesis

b4 | 3
A (1)
1--
—To _%TO 0 %TO Ty 2T [
(a) Sum of DC, 1*' and 3™ Harmonics
x3(1)
1
T0:20ms O,,,,,
0 0.01 0.02 0.03 0.04 0.05
= F, =50 Hz
(b) Sum of DC, 1%, 31 5t 7th and 9" Harmonics
1 ..................................................
Xo (1)
1
2
1] ST (TR - A . B s o v 5 &
0 0.01 0.0 0.03 0.04 0.05
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Full-Wave Rectified Sine {a,}

1" -
a =— | x t e—j(Z;z/To)ktdt
=T [ x()

TO
_ 1 : — (27 /Ty )kt
L [sin(£t)e =™t

1

Ty ej(ﬂ/TO)t _e—j(ﬂ/To)t

o~ i27To)kt 4y

To 2j

0

_ J‘e i(x1To)(2k-Dt gt _

] 2To

o~ i(7/To)(2K-1)t To

12To (=1 (7 /Tp)(2k-1))

] 2To

e—j(7z/TO)(2k+l)t

J2To(— (7 /Ty )(2k+D))

Full-Wave Rectified Sine
X(t) =|sin(22t/T,)

Period : T, =5T,

J‘e j(zITy) (2k+1)tdt

To
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Full-Wave Rectified Sine {a,}

o~ i(T/To)(2k-D)t To o~ i(T/To)(2k+D)t To

a, = 2T, (= j(7/Ty)(2k=1)|  j2To(=j(7/Ty)(2k+1))

0 0

. 1 — (T (2k-1)T 1 — (T (2k+D)T
— 27(2k-1) (e 0 0 _1)_ 27(2k+1) (e : : _1)

1 (e—jﬁ(Zk—l)_l) 1 (e—jﬂ(2k+l)_1)

7(2k-1) ~ 7(2k+1)

(2K —2
- (Zi(zk(zzfl)l))(_ (D" _1): 7(4k* —1)



Half-Wave Rectified Sine

Signal Is positive half cycles of sine wave
HWRS = Half-Wave Recitified Sine

e ()
v 1 T b
: >
— T() — % 1o 0 % To TO 2 T()
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Half-Wave Rectified Sine {a,}

1 (% iy
== [ "x()e 1t (k = +1)
TO 0 Half-Wave Rectified Sine

x(t)
/2 T 1‘
ak _TO : Sln( t)e J(Zﬂ/ O)ktdt

0 0 %'TO i 2T,

Ty /2 ej(27r/T0)t B e—j(27z/To)t
_ 1 e—j(Zﬁ/To)ktdt

To/2 To/2

_ 127 1Ty )(k-1)t — (27 1 Ty)(k+1)t
= T je At je oAt
0 0

Ty /2

Ty /2

e—j(27z/TO)(k—1)t e—j(27r/T0)(k+1)t

§2To (= j(27/Ty)(k-1)) j2To (i (27 /Ty )(k+1))



Half-Wave Rectified Sine {a,}

e 127/ Ty)(k-1)t

% 12To (= J(272/Tg)(k-1))

Ty /2

e—j(27z/To)(k+1)t

12To (= J(272 /T )(k+1))

Ty /2

1 (27 To)(k=1)T, /2 1 7/ Ty)(K+)Ty /2
= m(e DT/2 ) A<D g7z )
__ 1 —Jz(k-1) 1 —Jz(k+1)
~ 4z(k-1) (e _1)_ 47 (k+1) (e _1)

0 k odd
~[Kk+1-(k-2) X_ Nk )_ + 1 _ 4
_(47z(k21) ( 1) 1)=+ ja k=41

-1

e k even




Half-Wave Rectified Sine {a,}

Spectrum, assuming 50 Hz is the
fundamental frequency

)
0 k odd
_ - | _
' L _q
4 == K even
il
37
| =1 o =1 =
157 357 637 997

e
0 50 100 200 300 400 500 f
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HWRS Synthesis

\ T
NG i o S o o i e e e

T, =20ms
= F, =50Hz
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y \ | \
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