DSP First, 2/e

Lecture 17

DFT: Discrete Fourier
Transform



READING ASSIGNMENTS

This Lecture:
Chapter 8, Sections 8-1, 8-2 and 8-4
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LECTURE OBJECTIVES

Discrete Fourier Transform

N-1

N -1 _ |
X [k] — Zx[n]e—l(zﬂ/N)kn X[n] _ %Z X [k]ej(Zﬂ/N)kn
n=0 k=0

DFT from DTFT by frequency sampling

DFT computation (FFT)

DFT pairs and properties
Periodicity in DFT (time & frequency)
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Sample the DTFT - DFT

Want computable Fourier transform
Finite signal length (L)
Finite number of frequencies

X(ejé)): ix[n]e—jc?)n # X(ej@) :Lz_llx[n]e_j@kn

N=—o0

@ =2z/N)k, k=012,...N-1

kK is the frequency index

Periodic : X (/)= X (e') = X[k+N]= X[K]
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4-pt DFT: Numerical Example

Take the 4-pt DFT of the following signal
X[n]=o[n]+o[n-1] {x[n]}=[11 0, 0]
X[0]=x[0]e '° + x[1]e "° + x[2]e ° + x[3]e !° =1+1+0+0=2

X[1] = x[0]e !° + x[1]e *'% + x[2]e 1**'? + x[3]e 13*'2
—1— J :\/Ee—jﬂM

X[2]=x[0]e ! + x[1Je " + x[2]e 4" + X[3]e ** =1-1+0+0=0

X:3: zx:O]e_jo_I_X:l:e—jSﬂ/Z+X:2]e—j372'+x:3]e_j97z-/2
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N-pt DFT: Numerical Example

Take the N-pt DFT of the impulse
x[n]=o[n] {X[n]}=][10,0,...0]

X[k] Z5[ﬂ]e j(2zIN)Ykn
O .
Z /Iyrfej(Zﬂ/N)k —1
n=0

XK} =[L11...1]
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4-pt iDFT: Numerical Example

Example 66-8: Short-Length IDFT

The 4-point DFT in Example 66-7 is X [k] = {2, v/2¢7/7/4, 0, \/2¢/™/4}. If we compute the 4-point
IDFT of the sequence X [k], we should recover x[n] when we apply the IDFT summation (66.52) for each
value of n = 0, 1,2, 3. As before, the exponents in (66.52) will all be integer multiples of 7/2 when N = 4.

x[0] = 1 (X[0)e® + X[1]e° + X[2e’® + X [3]e’°)
= l 2-'— \/_{J_.}JT/‘I' _|_O_|_ \/_ejJT/4) _ 1

— 1(24 V207 Jr/4+rr)_|_0+\/_ej(3r/4+37r)) — %(2—|—(—l—|—j)—|—(—1—j))= 0

x[3] = 1 X[O]ejo—|- X[l]eJB:rr/Z_'_ X[2]e13”—|- X[3]e19”/2)

i

4

£
x2] =1 (X[O]ef" + X[1]e/™ 4+ X[2]e/2™ + X[3]ef3”)
i

i
i

2 4 2/ CT/AH3T/2) L \/_{,}(?r/4+93f/2)) (2 +(=1—j)+(=1+j)=0

Thus we recover the signal x[n] = {1, 1, 0, 0} from its DFT coefficients, X [k] = {2, v/2e /™4, 0, v/2e/7/4}.
|
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FFT: Fast Fourier Transform

FFT is an algorithm for computing the DFT

N log,N versus NZ operations
Count multiplications (and additions)
For example, when N = 1024 = 210
=~10,000 ops vs. =1,000,000 operations
=~1000 times faster

What about N=256, how much faster?
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Zero-Padding with the FFT

Get many samples of DTFT

Finite signal length (L)

Finite number of frequencies (N)

Thus, we need L<N, N —> o, X[k]— X (')
In MATLAB \

e Use X = fft(x,N)

 With L=1length (x) lessthan N

 Define xpadtoN = [x,zeros(1,N-L)];

 Take the N-pt DFT of xpadtoN
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DFT periodic in k
(frequency domain)

Since DTFT is periodic in frequency, the DFT
must also be periodic in k

X [k] _ X (ej(Zﬂ'/N)k)
X [k + N] _ X (ej(27z/N)(k+N)) _ X (ej(Zﬂ/N)(k)+(27z/M) _ X (ej(27Z'/N)k)
What about Negative indices and Conjugate

Symmetry? N=32 —
X (e M) =X @M X[31]= X[
= X[-k] = X"[K] X[30]= X "[2]
XN —Kk]= X [K] X[29] = X '[3]
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DFT Periodicity Iin
Frequency Index

X[K]= X (") = X (e!*""™)
k=012,...N -1

X_1 KX DFT coefficients ———X*%_;
X2 X2 XN—=2
XM ‘ Xm XN-Mm
t } t g t t t t t t t t t t t t 1 t I t t t I t u T t t t -
—-N-2 —-N —N+2-N+M —-M -2 -1 0 1 2 M N-M N2 N k
~«—— Principal Frequency Interval for @ —
} } } t + + } t + + t t t t t t t t } 1 + } } + t t -
—2r —7 —C?)M —c?)z—c&l 0 031 662 C!A)M 4 ZJT—OI\)M 2]’[—(;)2 2 2]‘[—|—C&2 @

X[k +N]= X[k] < X(e!“*) = X (e!”)
— X[N —k] = X[-k],
e.g., X[N —2] = X[-2]
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Table 8-1 Basic discrete Fourier transform pairs.

Table of DFT Pairs
Time-Domain: x[n] Frequency-Domain: X|k]
o[n] 1
5[n — nyl o—i QTk/N)ng
in(1 L2k | |
re(n]l = uln] —uln — L] Sllilli 3; ;7\////\//\/)) g HARR N =1
—Dy (2k/N
Fi ] g/ m D; (27 (k — kg)/N) ¢4 @rlk=ko)/N)(L=1)/2
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Table 8-2 Basic discrete Fourier transform properties.

Table of DFT Properties

Property Name Time-Domain: x|[n] Frequency-Domain: X [k]
Periodic x[n] = x[n + N] X[k] = X[k + N]
Linearity axi[n] + bxy[n] aX|k] + bX>lk]

Conjugate Symmetry

x[n] is real

X[N — k] = X*[k]

Conjugation x*[n] X*[N — k]

Time-Reversal x[((N —n))n] X[N — k]

Delay x[((n —ny))n] g~ k[ N)na Y 1L ]

Frequency Shift x[n]ei @rko/N)n X[k — ko]

Modulation x[n]cos((2mky/N)n) %Xl/\' — kol + %X[/\’ + ko]
N—1

Convolution > " h[m]x[((n — m))w] H[kX[k]

m=0

Parseval’s Theorem

N-1

n=0

N-]

> lxlnll* = % > IX[K]P

k=0
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